Abstract-The main aim of this paper is the analysis of the feasibility of employing permanent magnets for the multipactor mitigation in a coaxial waveguide. First, the study of a coaxial line immersed in a uniform axial magnetic field shows that multipactor can be suppressed at any RF if the external magnetic field is strong enough. Both theoretical simulations and experimental tests validate this statement. Next, multipactor breakdown of a coaxial line immersed in a hollow cylindrical permanent magnet is analyzed. Numerical simulations show that multipactor can be suppressed in a certain RF range. The performed experimental test campaign demonstrates the capability of the magnet to avoid the multipactor electron multiplication process.
discharge that degrades the component performance and can physically damage the structure.
This RF breakdown effect has been the subject of a number of studies addressed to designing multipactor-free RF components. Several techniques are applicable for avoiding this undesirable effect, such as chemical polishing, groove insertions in the metal surface, surface coatings, or changes in the gap dimensions. However, surface treatments degrade in time, surface grooves impair the RF performance, and geometrical modifications are unpractical in most microwave components. Recently, some authors proposed the use of dc magnetic fields for the partial or total discharge mitigation. Sometimes, the direction of the applied magnetic field is oriented along the transverse plane for a coaxial geometry [2] , while an axial magnetic field is inserted for multipactor suppression in rectangular waveguides [3] - [7] .
The multipactor effect in a coaxial line under the presence of a uniform axial static magnetic field was investigated in [8] . These results evidence that RF power thresholds (the lowest RF power value at which the multipactor discharge appears) are strongly influenced by the magnitude of the magnetic field. These results were obtained for a fixed RF. In this paper, we extend this previous study by analyzing the effect of the RF signal, as well as the magnetic field strength. As we shall see, the total suppression of multipactor breakdown can be obtained regardless of the RF signal frequency for magnetic field strengths over a onset. In addition, we discuss about the feasibility of multipactor suppression by means of the realistic nonuniform magnetic field pattern of neodymium permanent magnets. This paper is structured as follows. Section II-A describes the physical model used in our simulation code to perform the numerical calculations of multipactor breakdown. In Section II-B, we derive analytical expressions for the magnetic field strength produced by a magnetized hollow cylinder. Section III-A analyzes the effect of a uniform dc magnetic field on the multipactor power threshold showing both theoretical simulations and experimental results. Next, in Section III-B, the implementation of a nonuniform magnetic field along the coaxial line by means of a hollow neodymium magnet is investigated. According to the required specifications, a neodymium magnet has been designed and manufactured to carry out experimental tests to validate the theoretical results. Finally, the conclusion is drawn in Section IV.
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II. THEORY

A. Multipactor Algorithm
In this paper, we use a Monte Carlo code to perform the simulations of multipactor in coaxial transmission lines using the traditional single effective electron model [10] , [11] . This technique is based on the 3-D tracking of a set of effective electrons governed by the electromagnetic field. The trajectory of the effective electron is found numerically solving its equation of motion (expressed in Cartesian coordinates) by means of the velocity Verlet algorithm [12] . Each effective electron describes a particular electronic population that evolves in time by colliding with the coaxial metallic walls of the waveguide. The secondary electron yield (SEY) function (δ) is computed after each impact as a function of the impact kinetic energy and impinging angle by means of the SEY model formulated in [13] and [14] . After that, the colliding electron is reemitted from the impact place with random initial velocity given by a Maxwellian distribution with a mean average energy of 3 eV. The velocity launching angle is given by the cosine law [15] .
The total driving electromagnetic field experienced on each effective electron is the sum of three contributions: 1) the excited RF fields; 2) the electric field due to the Coulombian repulsion among electrons; and 3) an applied external dc magnetic field. The excited RF fields are those related to the fundamental mode of the coaxial guide at frequency f . The electric field caused by the electron cloud is modeled by means of a single electron sheet, following the same procedure proposed in [16] . Two different kinds of external dc magnetic field will be considered in this paper. First, in Section III-A, a uniform magnetic field is oriented along the axial direction of the coaxial line. Second, in Section III-B, the coaxial sample is immersed into a hollow cylindrical permanent magnet. In this case, the nonuniform magnetic field has radial and axial components.
The effective electron dynamics is governed by the nonrelativistic Lorentz force expression leading to [17] 
where −e and m are the electron charge and electron mass at rest, respectively; r is the vector position, t is the time, and (r , φ, z) are the cylindrical coordinates; 
B. Magnetic Field Produced by a Hollow Cylindrical Magnet
In this section, we present the procedure to compute the magnetic field of an homogenously magnetized hollow cylinder in terms of the expressions of a simple homogenously magnetized cylinder. In Fig. 1 , the magnetized hollow cylinder under consideration is shown, whose dimensions are b 1 and b 2 for the inner and outer radius of the cylinder, respectively, and h is the height. As indicated, the reference frame is centered in the midheight of the cylinder.
First of all, we are going to present the magnetic field generated by a uniform cylinder with radius r 0 . Static magnetic field of a homogenously magnetized cylinder can be derived using the equivalent volume and surface currents [18] determined as J M = ∇ × M and K M = M × n, with J M and K M being the volume and the surface currents, respectively, n the unitary vector normal to the surface, and M = Mẑ the volume magnetization. Once the equivalent currents are obtained, the static magnetic field inside and outside the magnet can be calculated by means of the Ampere's law [18] , resulting in the following expressions:
where μ 0 is the magnetic permeability of vacuum;
and (k, σ ) are the complete elliptic integrals of the first, the second, and the third kind, respectively [19] . Note that the azimuthal magnetic field component is zero due to symmetry. Finally, magnetic field expression for a hollow cylinder can be obtained by considering the superposition of the magnetic fields generated by two homogeneously magnetized cylinders with different radii, the same magnetization strength, and opposite magnetization direction.
III. SIMULATION AND EXPERIMENTAL RESULTS
A. Uniform Static Axial Magnetic Field
The coaxial dimensions for multipactor simulations, as well as the testing sample, are as those employed in [8] . The experimental setup is the standard one and commonly employed in multipactor measurements, which is shown in Fig. 2 (for a full detailed description [9] ). The inner and outer radius dimensions are a = 1.515 mm and b = 3.490 mm, respectively, the gap length is d = b − a = 1.975 mm, the characteristic impedance is Z 0 = 50 , and the length of the total sample is 90.4 mm. Both conductors were made of copper, with the following SEY parameters: first crossover W 1 = 25 eV, the maximum SEY coefficient δ max = 2.25, and an incident electron energy for δ max given by W max = 175 eV. The uniform static axial magnetic field is applied by means of a long solenoid, where the sample is inserted.
The theoretical results show that multipactor resonant electron trajectories are disturbed by the presence of an external uniform axial dc magnetic field [8] . In this case, the equations of motion of the effective electron are simplified since B ext,r = 0. The effect of such an axial magnetic field in the electron motion is the appearance of an azimuthal acceleration in (2) . This component of the acceleration bends the electron trajectories around the magnetic field flux lines, pushing the electron back to the departure conductor, allowing the presence of single-surface multipactor modes. Thus, the external magnetic field influences the electron flight time between successive impacts with the coaxial walls. In the numerical simulations, it has been found that the ratio between the cyclotron frequency f c = (eB dc )/(2πm) and the frequency of the RF electromagnetic field plays a crucial role in the multipactor behavior, as reported in [4] . Fig. 3 reproduces this effect, where the multipactor RF power thresholds against the ratio of the cyclotron frequency to the microwave frequency are represented. The theoretical results predict that no multipactor discharge occurs when the ratio f c / f exceeds a certain limit that varies depending on the RF signal frequency. For the investigated range, the numerical calculations show that this critical quotient is within the range f c / f ∈ [0.7, 1]. It should be remarked that the analyzed RF range is wide enough to cover the most suitable frequency gap zone for the multipactor discharge.
Multipactor mitigation phenomenon can be understood in terms of the electron resonant trajectories. The classical theory of multipactor states that the time between two successive impacts must be an odd (even) number of RF semiperiods for double (single) surface multipactor modes. In numerical simulations, it has been found that the electron flight time between successive impacts decreases as the ratio f c / f increases. If the flight time is too short, the electron will never be able to synchronize with the RF electric field and, consequently, the electron kinetic energy at the impacts will be too low to release secondaries. In [8] , the case of f = 1.145 GHz in Fig. 3 was analyzed by examining the electron trajectories at some relevant points of the multipactor power threshold curve. It was found that as the external axial magnetic field increases for a fixed RF (i.e., the ratio f c / f grows), the multipactor order diminishes. Moreover, the applied magnetic field introduces single-sided multipactor modes. According to classical resonance modes, the lower multipactor single-surface order possible is two. If the ratio f c / f is such that the flight time of the electron is below two RF semiperiods, the resonance between the electron and the RF electric field cannot be achieved, and consequently, no multipactor discharge is possible.
Experimental measurements were performed at RFs of f = 1.145 GHz and f = 0.435 GHz to validate the previous Fig. 3 together with the theoretical ones. It should be mentioned that although some experimental measurements for f = 1.145 GHz were previously presented in [8] , new measurements have been performed to explore the multipactor-free zone for higher f c / f values. These new measurements are summarized in Table I , where the magnitude of the static axial magnetic field B DC , the corresponding ratio f c / f , and the maximum level of RF input power available in the experimental test-bed P max are indicated. No multipactor discharge was found up to P max , as well as in Table II for f = 0.435 GHz. Two additional checks were performed at f = 0.435 GHz to confirm that large f c / f ratios hinder the multipactor breakdown. First, the RF input power was fixed at 60 W, and the axial magnetic field was ranged from 8.9 mT ( f c / f = 0.572) to 19.0 mT ( f c / f = 1.223). Second, the RF input power was fixed at 120 W, and the axial magnetic field was swept from 15.1 mT ( f c / f = 0.972) to 57.0 mT ( f c / f = 3.668). No multipactor discharge was observed in any of the two aforementioned tests. Our experimental data and numerical calculations are in good agreement and suggest that electron multiplication is precluded over an f c / f threshold. This fact proves the multipactor discharge suppression by a uniform dc magnetic field along the waveguide axis. However, small discrepancies exist between the theoretical values and the experimental f c / f thresholds that delimit the multipactor-free domain. These small discrepancies between the experimental data and numerical simulations would be basically caused by the inaccuracy of the SEY model as well as the assumed velocity distribution for the secondary electrons.
B. Nonuniform Magnetic Field
The results discussed in the previous section evidence that a strong enough magnetic field prevents the multipactor multiplication in coaxial lines. However, the experimental implementation that requires heavy coils and power supplies is unpractical in most cases [8] . Alternatively, the multipactor breakdown might be attenuated or mitigated using the inhomogeneous magnetic field produced by a set of permanent magnets. To explore this possibility, the coaxial sample was introduced into a hollow cylindrical neodymium permanent magnet. Its magnetization and dimensions were determined to hinder the multipactor multiplication within the required microwave frequency range.
In our case, the inner and outer coaxial radii are a = 1.238 mm and b = 2.850 mm, respectively, the gap between conductors is d = b − a = 1.612 mm, the characteristic impedance is Z 0 = 50 , and the sample length is 41.0 mm. Both conductors were made of copper, with the following SEY parameters: W 1 = 19.5 eV, δ max = 2.61, and W max = 219.7 eV.
The inner radius was selected to hold inside the coaxial sample leaving an small gap to allow the outgassing of the system. Later, a parametrical study was performed to study the effect of the variation of the outer radius in the magnetic field structure. The main effect of increasing the cylinder thickness (for a fixed magnetization value) is to enlarge the strength of the magnetic field inside the gap of the magnet. In our case, a thickness in the range 2-4 mm is desirable (the minimum thickness is 2 mm due to manufacturing considerations). Therefore, the inner and outer radii for our prototype were b 1 = 12.5 mm and b 2 = 16.5 mm. In Fig. 4 , the axial and radial magnetic field components of a hollow cylindrical magnet are represented, as a function of the axial coordinate normalized to the magnet height, using the expressions derived in Section II-B. It is seen that the axial (radial) magnetic field component is symmetrical (antisymmetrical) with respect to the plane z = 0. Moreover, it is also noticed that the axial magnetic field presents a local minimum (in absolute value) in the center of the magnet. When we move toward the magnet edge, there is a local maximum and then the strength drops to zero. As shown in Section III-A, the higher the axial component B z is, the better multipactor suppression is achieved. As a consequence, it is desirable that the axial magnetic field over the coaxial sample is as high as possible. It is evident that a long magnet would provide a very high homogeneous central magnetic field region, but in practical implementation, this prototype might disturb other microwave components and electronic circuits surrounding the coaxial sample. Thus, we have preferred to design a permanent magnet with the minimum height. To achieve that, the coaxial waveguide center must be axially aligned with the magnet geometrical center, since the highest axial magnetic field is reached approximately in the region described by z/ h ∈ [−0.3, 0.3], and it becomes weaker as we approach to the magnet edges. To avoid these low axial magnetic field zones, the magnet height is selected to be 5%-10% higher than the coaxial length. Finally, the height of the magnet has been chosen to be h = 44 mm.
In Fig. 5 , the multipactor RF input power threshold as a function of the frequency gap (gap remains fixed) is plotted for two configurations of the coaxial waveguide just described in this section. The first configuration corresponds to the coaxial line without the magnet; the second case is for the coaxial waveguide immersed in the neodymium magnet. These numerical calculations evidence the multipactor mitigation within a certain frequency gap range using the permanent magnet.
The magnet inhibits the discharge below f × d = 4.030 GHz · mm ( f = 2.5 GHz), which corresponds to f c / f = 1.12 ( f c has been calculated in z = 0, r = (b − a)/2, and the coaxial gap point where the axial magnetic field is maximum). It should be mentioned that multipactor appears above such frequency gap value with an RF power threshold lower than for the case without magnet. This fact is due to the appearance of single-surface multipactor mode that may have a multipactor threshold even lower than the classical doublesurface multipactor resonance [8] , [20] .
Despite the nonuniform magnetic field, the multipactor threshold for a coaxial waveguide immersed in a hollow cylindrical magnet is similar to those of that in Section III-A. Next, we analyze the electron trapping in the waveguide under the inhomogeneous magnetic field. First, from (1)- (3) for the earlier stages of the electron multiplication become
For this electron trapping argumentation, we do not consider the electron acceleration caused by the microwave electric field. For this situation [21] , the electron trajectories are found to spin around magnetic field lines with an angular frequency of ω c = (e/m) B. If the axial magnetic field is oriented along the −z-direction, the electron will spin clockwise leading to v φ < 0 since v φ = r (dφ/dt) (and dφ/dt < 0 for clockwise rotation). Despite the presence of the RF electric field in our case, we can assume that the electron will still spin with v φ < 0. As a consequence, the axial acceleration approximated by (8) will be positive or negative depending only on the value of B r . If B r > 0, then B r v φ < 0 and dv z /dt < 0. Otherwise, if B r < 0, then B r v φ > 0 and dv z /dt > 0. As it can be noted from observing Fig. 4 , the radial magnetic field has zeros at the points z = −z c , z = 0, and z = z c . According to this, we can delimit four regions for the axial electron cynematics as follows:
Thus, an electron starting from zone 1) will be pushed toward −z, and will eventually leave the coaxial waveguide inhibiting the multipactor discharge. However, if the electron is initially in region 2), it will be pushed toward +z, and may reach region 3). Now, in zone 3), the electron will be accelerated toward −z, back to zone 2). It is clear that an electron starting from zone 2) will tend to move between zones 2) and 3) indefinitely, and therefore, it will remain inside the coaxial line. Similar argumentation applies for an electron starting in region 3). Finally, an electron initially placed in zone 4) will be pushed toward +z and will eventually leave the coaxial waveguide. In these conditions, only electrons starting from regions 2) and 3) will contribute to the multipactor discharge. This point is crucial since, if no radial magnetic field was present, multipactor would appear in regions 1) and 4) at lower RF than in regions 2) and 3) [this is because the axial magnetic field is weaker in zones 1) and 4) than in regions 2) and 3)], and thus the multipactor mitigation efficiency would be reduced. This fact is explained in accordance to the analysis of the uniform magnetic field in Section III-A. The multipactor mitigation takes place when the empirical condition f c / f > [0.7, 1] is roughly fulfilled. If we take the worst case in the previous condition, we have that the multipactor should be mitigated for RFs below f c . In our case, the lowest axial magnetic field in regions 2) and 3) (in absolute value) is 100 mT (Fig. 4) , which gives a cyclotron frequency of f c = 2.8 GHz ( f × d = 4.5 GHz · mm). By inspecting Fig. 5 , it is noted that in fact no multipactor discharge is expected for RFs below f = 2.5 GHz ( f × d = 4.0 GHz · mm). However, in regions 1) and 4), the axial magnetic fields are lower than in regions 1) and 3). Actually, the axial magnetic field in the borders of the coaxial waveguide is around 40 mT, which gives f c = 1.1 GHz. Therefore, if the radial magnetic field was not present to expel the electron from the coaxial waveguide, multipactor would appear for RFs above f = 1.1 GHz ( f ×d = 1.77 GHz · mm), which is not the case.
We assessed this analysis by inspecting typical electron trajectories calculated in the numerical simulations of the multipactor breakdown. The microwave frequency was fixed within the multipactor mitigation range, and electrons were launched from different axial initial positions. It was found that an electron released from zone 1), it was pushed out of the coaxial waveguide in few RF periods. It is also noted that the growth rate in time of the electron population in the simulations is low enough to prevent the multipactor breakdown. On the other hand, if an electron starts its movement near the axis center, it remains within the central region, as discussed before. Although the electron does not leave the waveguide, the cumulative population quickly diminishes, so no multipactor discharge occurs.
Finally, the numerical simulations of Fig. 5 were assessed against a set of experimental tests. Coaxial and magnet properties are the same as described above in this section. The experimental setup for multipactor measurements is similar to that described in Section III-A. The multipactor breakdown was detected without the permanent magnet within the P-band test at f = 0.435 GHz ( f × d = 0.701 GHz · mm). These results are shown in Fig. 5 and are in agreement with the theoretical predictions. On the contrary, no electron multiplication was detected when the coaxial sample was placed inside the hollow magnet up to the maximum RF power available of 100 W. The second test series were carried out within the L-band for the frequencies: f = 1.0 GHz ( f × d = 1.612 GHz · mm), f = 1.145 GHz ( f × d = 1.845 GHz · mm), f = 1.3 GHz ( f × d = 2.096 GHz · mm), f = 1.45 GHz ( f × d = 2.337 GHz · mm), and f = 1.6 GHz ( f × d = 2.579 GHz · mm). Again, the multipactor discharges trigger for RF power levels in agreement with the theoretical simulations, as evidenced from the results of Fig. 5 . When the magnet is present, no multipactor breakdown appeared (in this case, the maximum available RF input power was 360 W), in good concordance with the theory. Despite that theoretical simulations explore frequency values up to 4.96 GHz (8 GHz · mm, Fig. 5 ), the return losses of the coaxial sample increase at RF frequencies above the L-band. If the return loss increases, we will have a considerable fraction of the input RF power being reflected by the coaxial sample, and as a consequence, the RF amplifier might be damaged during the multipactor test. To avoid this, the frequency range of the multipactor measurements presented is restricted to P-band and L-band, both in the magnet and without magnet configurations.
IV. CONCLUSION
In this paper, we have studied the possible mitigation of the multipactor discharge in coaxial waveguides by means of an external magnetic field. First, we have analyzed the most simple scenario of a coaxial line immersed into an axial static magnetic field. The numerical simulations evidence that no multipactor discharge triggers when a strong enough external magnetic field is applied. Our experimental results are in good agreement with the theoretical calculations. Next, we have analyzed the case of a coaxial line immersed in a hollow cylindrical magnet. The multipactor simulations predicted the suppression of the discharge for RFs below a certain value that depends on the specific magnetic field properties. Finally, a strong magnetized neodymium magnet was designed and manufactured. A multipactor test campaing was performed to validate the theoretical results. The experimental measurements in P-band and L-band are in good agreement with the simulations, demonstrating the capability of permanent magnets for multipactor suppression.
